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In this letter, we stress that the simplest cosmological model consisting in a massless scalar
field minimally coupled to homogeneous and isotropic gravity has an in-built SL(2,R) symmetry.
Protecting this symmetry naturally provides an efficient way to constrain the quantization of this
cosmological system whatever the quantization scheme and allows in particular to fix the quantiza-
tion ambiguities arising in the canonical quantization program. Applying this method to the loop
quantization of the FLRW cosmology leads to a new loop quantum cosmology model which preserves
the SL(2,R) symmetry of the classical system. This new polymer regularization consistent with the
conformal symmetry can be derived as a non-linear canonical transformation of the classical FLRW
phase space, which maps the classical singular dynamics into a regular effective bouncing dynam-
ics. This improved regularization preserves the scaling properties of the volume and Hamiltonian
constraint. 3d scale transformations, generated by the dilatation operator, are realized as unitary
transformations despite the minimal length scale hardcoded in the theory. Finally, we point out that
the resulting cosmological dynamics exhibits an interesting UV/IR mixing, with the near-singularity
regime dual to the semi-classical regime at large volume. The technical details of the construction
of this model are presented in a longer companion paper [1].
Finding a consistent and ambiguity-free realization
of canonical quantum cosmology remains a challenging
task. Since the first approach by Wheeler and De Witt,
numerous efforts have been devoted to refining the canon-
ical construction in order to build a quantum theory of
the universe as a single homogeneous object. However,
it remains hard to extract unambiguous predictions for
early cosmology from the different quantizations schemes.
See [2–4] for reviews. In the canonical framework, the
resulting quantum dynamics usually suffers from a large
degree of arbitrariness since the construction of the quan-
tum theory relies on several choices, such as the inner
product and the operator ordering in the Hamiltonian
constraint [5–7], but also appropriate boundary condi-
tions to select particular physical solutions for the wave
function. Moreover, in the canonical program, the defi-
nition of the quantum states and their dynamics and the
resulting phenomenology crucially depend on the choice
of slicing of the 4d geometry. This is true for the standard
Wheeler-De Witt quantization, based on the Schro¨dinger
representation, but also for the polymer (or loop) quan-
tization scheme [8–10].
The polymer quantization framework, which resolves
cosmological singularities using the quantization of the
geometry inherited from loop quantum gravity, is based
on a different set of basics operators which are non-linear
in the original canonical variables and requires a regular-
ization of the Hamiltonian scalar constraint. This in-
troduces an extra layer of ambiguities, especially in the
choice of regularization scheme (usually referred to as the
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choice of connection versus curvature schemes) and the
choice of the spin used when representing the curvature
entering the Hamiltonian constraint in terms of holon-
omy operators. While the standard choices employed in
the literature can be justified by physical motivations,
these quantization ambiguities are nonetheless inherent
to the polymer quantization program and drastically af-
fect the resulting quantum dynamics of the universe. See
[11] for a systematic investigation of these ambiguities
in flat and isotropic loop quantum cosmology, and [12]
for anisotropic models as well as [13, 14] for the closed
universe case. At the end of the day, it is crucial to dis-
tinguish the predictions which do not depend on such
ambiguities from those which remain sensitive to such
choices.
Finally, another issue appears due to intertwined role
of the generator of 3d scale transformations and the gen-
erator of the deparametrized dynamics. For instance, in
the context of a massless scalar field minimally coupled
to flat FLRW universe, these two observables coincide
and the cosmological dynamics in term of the scalar field
time is nothing else than a field-dependent rescaling of
the induced metric and the extrinsic curvature of the
spatial 3d slice. This means that having a well-defined
unitary cosmological evolution is equivalent to having a
well-defined unitary realization of scale transformations
at the quantum level. Now the polymer quantization’s
key ingredient is a minimal length scale which signals
the quantum gravity regime. This new length scale plays
the role of a universal cut-off of the quantum theory and
should therefore be unaffected under global rescaling of
the geometry. In standard LQC, this question has not
been addressed yet and the area gap, which encodes the
minimal length scale, fails to be invariant under global
rescaling. This is usually referred to as the “Immirzi am-
2biguity”. It implies in particular that the standard LQC
construction does not propose a consistent implementa-
tion of scale transformations at the quantum level and
that their relation to the cosmological evolution is bro-
ken.
In this letter, we present a new path to address some
of the ambiguities discussed above. More precisely, we
will show how to construct a new consistent LQC model
with unitary scale transformations. We focus on the in-
herent SL(2,R) symmetry of classical cosmology and in-
troduce the new, though natural, criteria of preserving
this symmetry at the quantum level. This fixes the fac-
tor ordering ambiguities at the quantum level and al-
lows for a well-defined Hermitian dilatation generator
and thus for unitary scale transformations. While the
present work focuses on applying this method of pro-
tecting the conformal symmetry in the homogeneous and
isotropic FLRW cosmology, we stress that the SL(2,R)
structure also holds for more general models, such as the
Bianchi I cosmology [1].
This SL(2,R) symmetry of the cosmological phase
space describes the scaling properties of the Hamiltonian
constraint and the physical volume of the universe, and
thus encodes the full cosmological dynamics. By preserv-
ing this conformal structure up in the quantum theory,
it allows to recast LQC as a SL(2,R)-invariant quantum
cosmology with a universal minimal length scale. Be-
sides allowing to entirely solve the theory solely based on
symmetry arguments, it opens new directions of research,
such as the possibility of bootstrapping quantum cosmol-
ogy or a mapping to the conformal quantum mechanics
of de Alfaro, Fubini and Furland (dAFF) [15].
This letter is intended to provide a summary of the
construction of the new LQC theory at both classical
and quantum levels and present its key ingredients and
features, while technical details appear in a longer com-
panion paper [1].
I. CLASSICAL sl(2,R) STRUCTURE
Consider the FLRW line element given by
ds2 = −N2(τ)dτ2 + a2(τ)δabdxadxb (1)
where N(τ) the homogeneous lapse function and a(τ) is
the scale factor. We consider the simplest cosmological
model consisting in a massless homogeneous scalar field
φ(τ) minimally coupled to this metric. The symmetry
reduced action of this system is given by
S[a,N, φ] = V◦
∫
dt
[
− 3
8πG
aa˙2
N
+
a3
2N
φ˙2
]
, (2)
where we have integrated over a fiducial 3d cell of co-
moving volume V◦ . A useful set of canonical variables
for the gravitational sector is given by the 3d volume v
of the fiducial cell and the extrinsic curvature (or Hubble
rate) b, related to the scale factor a and its first derivative
a˙ by:
v = a3V◦, b =
1
4πG
a˙
Na
, (3)
As for the matter sector, we further introduce the conju-
gated momentum πφ to the scalar field φ,
πφ = V◦
a3φ˙
N
. (4)
They form pairs of canonically conjugate variables,
{b, v} = 1 and {φ, πφ} = 1.
We work in units where we have set ~ = c = 1 for the
sake of simplicity. There are two natural length scales
associated to this system: an infrared scale ℓ◦ =
3
√
V◦
set by the size of the fiducial cell, and a UV scale given
by the Planck length ℓPlanck ∝
√
G. Then the canonical
variables have dimensions [v] = [b]−1 = L3 and [φ] =
[πφ]
−1 = L−1.
The action reads S = ∫ dt [b˙v+ φ˙πφ−H [N ]] with the
Hamiltonian H [N ]:
H [N ] = NH =
N
2
(
π2φ
v
− κ2vb2
)
, (5)
where we have introduced the Planckian size length scale
κ =
√
12πG. The lapse N plays the role of a La-
grange multiplier enforcing the Hamiltonian scalar con-
straint H = 0, which generates the invariance under
time-reparametrization. Since the constraint does not
depend on the scalar field φ, its conjugate momentum is
a constant of motion, i.e. π˙φ = 0.
Beside the standard invariance under time-
reparametrization, there is residual time-dependent
conformal symmetry which can be seen as follow. Let us
consider the integrated trace of the extrinsic curvature,∫
d3x
√
|q|qabKab = κ2 C with C = vb . (6)
This observable generates 3d scale transformations of the
space-like hypersurface in our slicing,
eη{C,·} ⊲ v = eηv eη{C,·} ⊲ b = e−ηb (7)
This flow rescales the 3d volume v and the extrinsic cur-
vature b with inverse factors, so that C generates a canon-
ical transformation1. Now, the crucial point is that this
1 In the Ashtekar-Barbero variables, the extrinsic curvature b is
proportional to the Immirzi parameter, so the dilatation genera-
tor C can be interpreted as rescaling of the Immirzi parameter. It
is actually the complexifier in the usual vocabulary of loop quan-
tum gravity [16]. This underlines that one can rescale freely the
Immirzi parameter at the classical level by a canonical transfor-
mation, thus without affecting the classical physics [17]. This
might nevertheless change if we also couple fermions to gravity,
since the Immirzi parameter can be understood as controlling
torsion degrees of freedom [18].
3dilatation generator forms a closed Poisson algebra with
the Hamiltonian of the system and the 3d volume, with
the following brackets:
{v,H} = κ2C ,
{C,H} = −H , (8)
{C, v} = v .
This algebra, which we call the CVH algebra following
[16], encodes the whole dynamics of the cosmological
model. Indeed, it implies that C is the speed of evolution
of the volume v,
dv
dτ
= {v,H [N ]} = Nκ2C , (9)
while C itself is a constant of motion,
dC
dτ
= {C,H [N ]} = −H [N ] ∼ 0 , (10)
since the Hamiltonian vanishes on-shell.
This CVH algebra is actually isomorphic to the sl(2,R)
Lie algebra. The identification to the sl(2,R) algebra
generators is done up to an arbitrary dimensionless con-
stant2 σ ∈ R:
ky = C ,
kx =
1
2σκ3
v + σκH , (11)
jz =
1
2σκ3
v − σκH ,
where the Planck length κ = 12πG is inserted to ensure
that the objects all have the same physical dimension.
These generators satisfy the standard sl(2,R) commuta-
tions relations
{kx, ky} = −jz , {jz, kx} = ky , {jz, ky} = −kx . (12)
So the dilatation generator C is a boost generator while
the volume v and the Hamiltonian constraint H are null
generators. Finally, the Casimir of this conformal algebra
coincides with the squared momentum of the scalar field,
which is a constant of motion:
Csl2 = j
2
z − k2x − k2y =
2
κ2
vH − C2 = −π
2
φ
κ2
. (13)
This provides this simple cosmological model with an ele-
gant group structure. This hidden conformal invariance,
also noticed in earlier work [19], can be used as a powerful
new criteria to restrict the quantization ambiguities when
performing a canonical quantization of the system, what-
ever particular regularization and quantization scheme is
used. Below, we propose to apply this criteria to the
polymer quantization program at the root of loop quan-
tum cosmology.
2 This is the same parameter appearing in the definition of the
sl(2,R) generators in conformal quantum mechanics [15].
II. NEW REGULARIZATION PRESERVING
THE sl(2,R) STRUCTURE
The polymer quantization does not quantize directly
the extrinsic curvature b as a fundamental operator of the
quantum theory, but trades it for its exponentiated ver-
sion eiλb, where λ is a fundamental regularization scale,
[λ] = L3. This length scale (or more precisely volume
scale) is inherited from loop quantum gravity and is of
Planck size:
λ = ∆ℓ3Planck (14)
where the dimensionless proportionality constant ∆ is
typically chosen from the area or volume gap of loop
quantum gravity3. We can nevertheless define loop quan-
tum cosmology without any reference to loop quantum
gravity and its area and volume spectra. Then ∆, and
thus λ, remains a free unspecified constant, which should
be determined a posteriori from comparing the theory
predictions with experimental data.
The polymer quantization represents directly the op-
erator êiλb and consider polynomial observables of that
basic operator. The regularization scale λ is kept finite
and we do not have access to the operator bˆ anymore4.
In this context, since the scalar constraint H cannot
be expressed anymore in terms of the canonical variable
b and should be instead expressed in terms of its expo-
nentiated version, it has to be appropriately regularized
prior to quantization. This step introduces a layer of ar-
bitrariness, since the regularization scheme is not unique.
For instance, one source of ambiguity is that the observ-
able b will be replaced by an appropriate polynomial in
eiλb which does reduce to b in the formal limit b≪ λ−1.
Choosing the degree of this polynomial corresponds to
the arbitrary choice of a spin representation when regu-
larizing the curvature in terms of holonomy operator in
the loop quantum cosmology jargon [11]. In order to re-
strict these ambiguities in the construction of the theory,
one can demand that the classical conformal structure,
with the sl(2,R) structure reviewed above, be preserved
both by the classical regularization and in the resulting
quantum theory.
It turns out that a natural way to introduce the poly-
mer regularization with the scale λ is to perform a non-
3 In standard LQC, ∆ is fixed by demanding that the regular-
ization scale matches the smallest eigenvalue of the kinematical
area spectrum computed in full LQG, i.e ∆2 = (4
√
3πγ)3 where
γ is the Immirzi parameter. However, it worths emphasizing
that this choice introduces an ad hoc dependency on the Imm-
irizi parameter. Instead of introducing the Immirzi parameter,
it is simpler to think of λ as the free parameter of the polymer
regularization in LQC.
4 Moreover, the polymer representation of the algebra of observ-
ables and the associated scalar product are not continuous in
the parameter λ, which means that the limit λ → 0 in which one
could hope to retrieve the operator bˆ is ill-defined.
4linear canonical transformation from the standard FLRW
cosmology phase space reviewed in the previous section
[16]. Indeed we introduce a new pair of canonical vari-
ables,
Bλ(b) =
tan (λb)
λ
, Vλ(b, v) = v cos2 (λb) , (15)
which satisfy {Bλ,Vλ} = 1 as soon as {b, v} = 1. Notice
that v and Vλ both naturally run in R+, but Bλ runs in
the whole real line R while b remains bounded, |b| ≤ π
2λ
.
We now assume that the variables (Bλ,Vλ) follows the
dynamics of standard FLRW cosmology, with the classi-
cal Hamiltonian constraint as in (5):
Hλ =
π2φ
2Vλ −
κ2
2
VλB2λ , (16)
and dilatation generator Cλ = BλVλ. We now switch
back to the original variables (b, v). The dilatation gen-
erator now reads:
Cλ = v sin (2λb)
2λ
, (17)
while the classical Hamiltonian constraint becomes:
Hλ[N ] = N
2
(
π2φ
v cos2 (λb)
− κ2v sin
2 (λb)
λ2
)
. (18)
By construction, the CVH structure is preserved,
{Vλ,Hλ} = Cλ , (19)
{Cλ,Hλ} = −Hλ , (20)
{Cλ,Vλ} = +Vλ (21)
with the same sl(2,R) Lie algebra structure. This is our
new version for an effective LQC dynamics. Since the
Hamiltonian is entirely expressed in terms of eiλb, one
can proceed to its polymer quantization. Before moving
on to the quantization of the theory, let us make some
important remarks at the classical level.
First, one checks that in the limit where the of large
volume, or equivalently small energy desnity and there-
fore small Hubble rate, i.e λb≪ 1, we come back to clas-
sical FLRW cosmology, with the three observables Vλ,
Cλ and Hλ becoming back v, C = vb and H as given by
(5). Then one sees, in the regularized Hamiltonian (18),
the standard LQC squared sine correction to the gravi-
tational sector, with the classical vb2 term regularized as
v sin2(λb)/λ2, as well as an additional b-dependent cor-
rection to the inverse volume term which is absent in the
standard treatment. While this new correction does not
coincide with previous regularization of the inverse vol-
ume term [20], it could originate from using a covariant
version of the fluxes to write down the inverse volume
term. Indeed, the covariant version of the fluxes opera-
tors carries information on the extrinsic curvature, which
is usually ignored in standard LQC. Whether or not our
new correction descend from this remains to be checked.
We point also that similar effective corrections to the
inverse volume term have been introduced in some treat-
ment of gravitational collapse, although motivated by dif-
ferent considerations, such as the closure of the Dirac’s
hypersurface deformation algebra [21].
Second, it is worth emphasizing that the sine square
regularization, v sin2(λb)/λ2 in (18), is not constrained
by our symmetry criteria to preserve the sl(2,R) alge-
bra. In standard LQC, this regularization corresponds
to the choice of spin j = 1
2
in the holonomy regulariza-
tion of the curvature. One is however free to choose an-
other spin to regularize the Hamiltonian [11]. The same
ambiguity applies to the present framework and one can
choose a different regularization function for the gravita-
tional part of the Hamiltonian. Nevertheless, as shown in
[1], preserving the sl(2,R) structure of the CVH algebra
imposes that the regularization of the inverse volume in
the matter part of the Hamiltonian is fixed in terms of
the regularization chosen for the gravitational part of the
Hamiltonian. The differential equations relating the two
are given in [1].
Third, we would like to stress that the new Hamilto-
nian (18) is actually very close to the standard LQC case.
We can actually map it to the usual LQC Hamiltonian by
a mere re-definition of the lapse by a b-dependent factor
and a rescaling of the regularization scale λ by 2:
Hλ[N ] = N
2 cos2 (λb)
(
π2φ
v
− κ2v sin
2 (2λb)
(2λ)2
)
(22)
Hence, we expect the dynamics of the standard and new
version of LQC to be qualitatively equivalent. The main
difference lies in the scaling properties of the volume and
the scalar constraint. Indeed, by preserving the CVH al-
gebra, the regularization scale λ remains unaffected by
scale transformation, while scale transformations in the
standard treatment typically change the Immirzi param-
eter. Here the regularized volume Vλ and regularized
curvature Bλ get simply rescaled under the flow gener-
ated by Cλ,
eη{Cλ,·} ⊲ Vλ = eηVλ , eη{Cλ,·} ⊲ Bλ = e−ηBλ , (23)
while the transformation laws for the actual volume v and
physical curvature b mix them together in order to leave
the regularization scale λ invariant. Moreover, the scal-
ing of the Hamiltonian scalar constraint is also straight-
forward,
eη{Cλ,·} ⊲Hλ = e−ηHλ , (24)
which implies that the scale transformations do not
change the constraint Hλ = 0 for physical state. This
anticipates the fact that scales transformation will be
now implemented as unitary operators at the quantum
level in this new construction. Finally, we point out that
the deparametrized dynamics, using the scalar field φ as
clock, consists once again simply in scale transformations
generated by πφ = κCλ.
5III. EFFECTIVE BOUNCING DYNAMICS
A. Modified Friedmann Equations
Let us now extract the modified cosmological dynam-
ics of this new LQC model. Setting the lapse N = 1,
we use the Hamilton equations of motion to describe the
evolution of the volume and extrinsic curvature in terms
of the cosmic time τ , dτv = {v,Hλ} and dτ b = {b,Hλ}.
The cosmological trajectory is best described by the re-
sulting modified Friedmann equation. Introducing the
matter density ρ,
ρ ≡ π
2
φ
2a6V◦
=
π2φ
2v2
, (25)
and the matter pressure P = −∂v(vρ), which satisfies
the equation of state P = ρ for a scalar field, we get the
equation of Friedmann for the Hubble rate H ≡ v−1dτv:
H2 =
8πG
3
ρ
(
1− ρ˜
4ρc
)2
(26)
H˙ = −4πG(ρ+ P )
[
1
cos2 λb
(
1− 3ρ˜
4ρc
)
+ 2
(
ρ˜
4ρc
)2]
where we have introduced a rescaled matter density ρ˜
and a critical density ρc, given by:
ρ˜ =
ρ
cos4 λb
=
4ρ(
1 +
√
1− ρ
ρc
)2 , (27)
ρc =
κ2
8λ2
=
3πG
2λ2
. (28)
Going backwards in time, the density ρ increases and
reaches the critical density at some point, ρ(τc) = ρc and
ρ˜(τc) = 4ρc. At that time, the Hubble factor vanishes,
H(τc) = 0, and the evolution of the volume freezes. One
can then compute the time derivative of the Hubble rate
H˙(τc) = 16πGρc > 0, which signals a bounce at τ = τc.
Therefore the physical volume v of the universe experi-
ences an effective bouncing dynamics, avoiding the Big
Bang singularity.
This means that, while the modified Friedmann equa-
tion is different from the one arising from the standard
version of LQC, more precisely
standard LQC : H2 =
8πG
3
ρ
(
1− ρ
ρc
)
, (29)
new sl2(R) LQC : H
2 ∼
ρ∼ρc
8πG
3
ρ
(
1− ρ
ρc
)2
,
H2 ∼
ρ∼0
8πG
3
ρ
(
1− ρ
2ρc
)
,
the resulting phenomenology of this new version of LQC
fits with the standard LQC prediction of singularity res-
olution into a big bounce.
Here, we have discussed the classical dynamics induced
by the modified Hamiltonian constraint (18). It is nev-
ertheless important to underline that the those classical
trajectories can be shown to be a very good approxima-
tion of the dynamics even in the deep Planckian regime.
Indeed, in the effective quantum mechanics formalism de-
veloped for instance in [22, 23], the SL(2,R) symmetry
protects the theory at the quantum level in the sense
that the spread of the wave-function and higher order
moments only imply negligible higher order corrections
and do not affect the leading order dynamics (see [1] for
more details).
B. Cosmological Bounce from UV/IR Mixing
Another much simpler method to derive the effective
bounce dynamics for the modified Hamiltonian (18) is to
use the essential map between this new version of LQC
and standard FLRW cosmology, as given by the canonical
transformation (15), and the resulting relation between
the 3d volume v and its regularized version Vλ.
Using that the dilation generator is defined by λCλ =
v cosλb sinλb, we obtain the key identity for the volume
v = v cos2 λb+ v sin2 λb = Vλ + λ
2C2λ
Vλ , (30)
where Cλ = κ−1πφ is a constant of motion given directly
by the matter energy-momentum once we enforce the
Hamiltonian constraint Hλ = 0.
The regularized volume Vλ evolves according to clas-
sical FLRW cosmology: it ranges from the singularity
at Vλ → 0+ and to large volumes in the semi-classical
regime Vλ → ∞. We have two types of evolution: con-
tracting trajectories for which Vλ evolves from ∞ down
to the singularity, and expanding trajectories for which
the volume grows 0 to ∞.
As we can see from (30), the volume v mixes Vλ and
its inverse, thus mixing the two, contracting and expand-
ing, branches. The bounce comes from the fact the key
formula (30) implies that the volume v can never vanish
as Vλ evolves in R+ and its minimal allowed value gives
the critical value vc for the volume at the bounce. More
precisely, the singularity Vλ → 0+ is sent back to large
volumes v → ∞. Then, as Vλ grows, v decreases. And
when Vλ reaches the critical value Vcλ = κ−1λπφ, the vol-
ume v reaches its minimal value vc = 2κ
−1λπφ. This is
the bounce. Finally, as Vλ grows from this critical value
to infinity, the physical volume v also grows back to large
volumes.
It is remarkable that the trans-Planckian regime for
Vλ from 0 to its critical value Vcλ is mapped to the entire
contracting phase for the physical volume v from +∞
to its minimal value at the bounce. The singularity as
Vλ → 0 is thus mapped to a semi-classical regime in LQC.
This comes from the UV/IR mixing realized in the
equation (30), which is actually invariant under a sym-
6metry which exchanges small volumes and large volumes:
Vλ ↔ (V
c
λ)
2
Vλ . (31)
Such a UV/IR mixing is a typical feature of effective non-
commutative field theories, which introduce a universal
minimal length scale (e.g. the Planck length in quantum
gravity phenomenology) through quantum group sym-
metries, and is also reminiscent of the T-duality of string
theory (where the compactification radius R leads to dual
modes with frequencies proportional to R and to R−1).
In our case, this UV/IR mixing and the key relation (30)
are a direct consequences of the new regularization of the
phase space preserving the sl(2,R) structure.
IV. sl(2,R) POLYMER QUANTIZATION
Turning to the quantum theory, there are two natural
methods of quantization: the polymer quantization as
in standard LQC or a quantization directly in terms of
SL(2,R) representations as proposed in [16].
On the one hand, in the polymer quantization, one
splits the gravitational degrees of freedom (b, v) and the
matter field (φ, πφ). It proceeds to raising v and exp[iλb]
to quantum operators, and the volume operator vˆ then
has a discrete spectrum. The Hamiltonian constraint op-
erator, defined as the sums of the gravitational term plus
the matter contribution, then realizes the coupling be-
tween geometry and matter at the quantum level.
On the other hand, the SL(2,R) quantization pro-
ceeds to a direct quantization of the CVH observables.
The sl(2,R) generators jz, kx, ky, whose definition (11)
mixes the geometry and matter sectors, become Hermi-
tian operators in an irreducible unitary representation of
SL(2,R), such that its Casimir is given by the matter
energy-momentum reflecting the classical Casimir equa-
tion (13) as shown in [1, 16]. We do not have access
to the volume v, which is not an elementary operator in
this framework, and work instead with the generator jˆz,
which is a combination of the volume and Hamiltonian
constraint and which acquires a discrete spectrum.
These two quantization scheme are subtly different
and leads to different Wheeler-de-Witt equations for the
quantum cosmic state. Here we focus on the polymer
quantization and wish to address the fate of quantiza-
tion ambiguities in light of the SL(2,R) symmetry. For
the interested reader, details on both quantization and a
comparative study of the resulting quantum theory can
be found in [1].
The polymer quantization quantizes the geometry de-
grees of freedom independently from the matter field. It
focuses on the observables v and e±iλb for the gravita-
tional sector. The quantum commutation relations read:[
v̂, Û±λ
]
= ±λ Û±λ ,
[
φ̂, π̂φ
]
= i1 , (32)
where Û±λ ≡ ê±iλb are the basic operators shifting the
volume. If we introduce eigenstates |v〉 for the volume
operator, then Û±λ increments the volume by ±λ:
v̂ |v〉 = v |v〉 , Û±λ |v〉 = |v ± λ〉 . (33)
The polymer quantization uses a scalar product different
from the Shro¨dinger representation, which leads to an
alternative Hilbert space. This scalar product reflects
the inherent granularity of the geometry:
〈v|v′〉pol = δv,v′ , (34)
where the symbol δv,v′ stands for the Kronecker-δ and not
the distribution δ(v−v′). As a consequence, infinitesimal
shifts of the volume are not allowed and v can only change
in finite steps multiple of the regularization scale λ.
This leads to a non-separable Hilbert space Hpolg for
gravitational states, spanned by orthonormal vectors |v〉
with v ∈ R. This polymer Hilbert space is a highly re-
ducible representation of the algebra generated by the
operators v̂ and Û±λ. It decomposes as the direct sum
of superselection sectors Hǫg with ǫ ∈ [0, 1[ such that the
spectrum of v̂ on Hǫg is (n + ǫ)λ with n ∈ Z. We write
|n〉ǫ short for the state |v = (n + ǫ)λ〉. A wave function
Ψ in Hǫg then decomposes in this basis as
Ψ(v) =
∑
n∈Z
ψn|n〉ǫ such that
∑
n∈Z
|ψn|2 < +∞ . (35)
The matter sector is quantized in the standard
Schro¨dinger representation. The resulting Hilbert space
of quantum cosmology states is the tensor product of
the matter Hilbert space and the polymer Hilbert space,
Hm ⊗Hpolg , consisting in L2 wave-functions Ψ(φ, v),∑
v∈R
∫
dφ |Ψ(φ, v)|2 < +∞ . (36)
The basic operators act on wave-functions Ψ(φ, v) as:
Û±λΨ(φ, v) = Ψ(φ, v ∓ λ) (37)
v̂Ψ(φ, v) = vΨ(φ, v) (38)
π̂φΨ(φ, v) = −i ∂
∂φ
Ψ(φ, v) (39)
φ̂Ψ(φ, v) = φ Ψ(φ, v) (40)
The Fourier transform of a state in a given sector ofHm⊗
H
ǫ
g for fixed ǫ reads:
Ψ =
∑
n∈Z
ψn(φ) |n〉ǫ , ψn(φ) =
∫
R
dk ψ˜n(k)e
ikκφ , (41)
where the factor κ ensures that the exponent of the
Fourier modes of the scalar field are dimensionless. We
will focus here on the sector5 ǫ = 0.
5 Representations of SL(2,R) actually allow ǫ = 0 and ǫ = 1
2
. To
get all possible real values, ǫ ∈ [0, 1[, one uses representations of
its universal cover ˜SL(2,R).
7Now within this polymer representation, we would
like to quantize the Hamiltonian constraint Hλ and
the dilatation generation Cλ which generates the de-
parametrized evolution of the geometry in terms of the
scalar field. Here we show that requiring that the sl(2,R)
symmetry realized by the CVH algebra of observables be
preserved at the quantum level and represented without
anomaly on the polymer Hilbert space fixes the factor-
ordering ambiguities. We separate the matter contribu-
tion from the pure geometry term in the Hamiltonian
constraint (18), explicitly Hλ = Hgλ +Hmλ with:
Hgλ = −κ2v
sin2 (λb)
λ2
, Hmλ =
π2φ
v cos2 (λb)
. (42)
We drop the index λ to simplify the notations. The same
way that the three observables, V , C,H form a closed
Poisson algebra, the Poisson brackets of the three ob-
servables in the purely gravitational sector V , C,Hg also
lead to a closed sl2 Lie algebra,
{V ,Hg} = C , {C,Hg} = Hg , {C,V} = V , (43)
but with a vanishing Casimir:
C
g
sl2
= −
[
C2 + 2
κ2
HgV
]
= 0 , (44)
corresponding to the no-matter case πφ = 0 of the full
CVH algebra (13). Moving to the quantum theory, we
seek operators satisfying the commutation relations:
[V̂, Ĥg] = iĈ , [Ĉ, Ĥg] = −iĤg , [Ĉ, V̂ ] = iV̂ . (45)
It turns out that a special choice of factor ordering allows
to realize this sl2 algebra:
V̂ Ψ = 1
4
√
|v|
(
Û+2λ + Û−2λ + 2
)√
|v|Ψ , (46)
ĈΨ = −i
4λ
√
|v|
(
Û+2λ − Û−2λ
)√
|v|Ψ , (47)
Ĥg Ψ = κ
2
8λ2
√
|v|
(
Û+2λ + Û−2λ − 2
)√
|v|Ψ . (48)
The Casimir of the sl(2,R) algebra satisfies exactly the
classical relation without quantum corrections:
Ĉ
g
sl2
= −
[
Ĉ 2 + 1
κ2
(ĤgV̂ + V̂Ĥg)] = 0 (49)
Therefore this choice of factor-ordering implies that the
gravitational sector lives in a null representation of the
sl(2,R) Lie algebra.
To investigate the dynamics of the theory and selection
of the physical state, we choose the lapse function N = V
in order to sidestep the issue of the inverse volume factor
in the matter term of the Hamiltonian. This gives the
following Hamiltonian constraint:
H[V ] = π
2
φ
2κ2
+ VHg → Ĥ[V ] = π̂
2
φ
2κ2
+
1
2
(
V̂Ĥg + ĤgV̂
)
=
π̂2φ
2κ2
− 1
2
Ĉ 2 . (50)
Imposing Ĥ[V ] = 0 to identify physical states therefore
amounts to solving the equation Ĉ = κ−1π̂φ, which means
that the deparametrized dynamics with respect to the
scalar field time is still generated by the dilatation oper-
ator at the quantum level.
To solve the dynamics, we diagonalize the matter mo-
mentum operator by working on a fixed Fourier mode
k = κ−1πφ in (41). Then the equation ĈΨ = kΨ turns
into a second order difference equation on its coefficients
ψn(k) in the volume eigenstate basis |n〉0. This differ-
ence equation implies that the zero volume state decou-
ples from other physical states, i.e. ψ0(k) = 0 for k 6= 0.
It further implies that the Hilbert space can be decom-
posed into positive volume states n > 0 and negative
volume states n < 0, which are not mixed by the dynam-
ics. Hence, the resolution of the singularity still holds
and the main results of the polymer quantization are still
valid for this new version of LQC.
We refer the reader to [1] for the explicit resolution of
the Hamiltonian constraint and the difference equation.
V. CONCLUSION
To summarize, we have derived a new version of loop
quantum cosmology (LQC) which preserves the sl(2,R)
structure and conformal symmetry of FLRW cosmology.
Our results are twofold. First, the conformal structure
of the cosmological phase space provides a new criteria
to restrict the quantization ambiguities when perform-
ing its canonical quantization. While some quantization
ambiguities inherent to the polymer regularization such
as the choice of spin in the Hamiltonian, we have shown
that the factor-ordering of the volume and Hamiltonian is
completely fixed by requirement of preserving the sl(2,R)
algebra at the quantum level. This should apply in prin-
ciple to any quantization scheme conclusion, beyond the
loop quantization investigated here.
Second, we have indeed obtained a new polymer reg-
ularization which preserves the 1d conformal symme-
try of FLRW cosmology, at both classical and quan-
tum level. In particular, the generator of the 3d scale
transformations, which turns out to also generate the de-
parametrized dynamics of the geometry with respect to
the scalar field, is realized as a Hermitian operator so that
3d scale transformations become unitary operators. This
is a new feature for LQC: keeping unitary scale trans-
formations while introducing a minimal length scale as a
universal cut-off for the quantum theory.
At the end of the day, this approach allows to recast
the minimal model of LQC as an sl(2,R) quantum cos-
mology with discrete volume spectrum. It invites further
investigation of the LQC framework. For instance, the
canonical transformation (15) provides a shortcut to de-
rive a sl(2,R)-consistent polymer regularization from the
standard FLRW phase space. It would be interesting to
re-derive it from a standard holonomy-flux regularization
following the standard LQG regularization technics. The
8challenge would be in particular to identify the origin of
the cosine regularization of the inverse volume term.
Beyond such technical improvements, the SL(2,R)
structure was already recently used to build an elegant
coarse-graining procedure based on group coherent states
[24]. And our results further opens new lines of re-
search such as bootstrapping quantum cosmology us-
ing the SL(2,R) symmetry and a mapping to confor-
mal quantum mechanics [15] used in the investigation
of a possible AdS2/CFT1 correspondence. It could also
turn out useful to build a consistent holographic model
of quantum cosmology [25]. Additionally, the sl(2,R) al-
gebra and its potential extension to a Virasoro symmetry
suggests a relation with the non-linear Schro¨dinger equa-
tions describing low-dimensional condensates [26], which
could pave the way to a reformulation of LQC in terms
of quantum condensates.
Let us finally stress that the sl(2,R) structure and the
corresponding polymer regularization presented here are
straightforwardly generalized to the anisotropic Bianchi
I cosmology, which would allow as an example to discuss
the BKL conjecture in light of the SL(2,R) symmetry.
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